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Integration of scheduling and control results in Mixed Integer Nonlinear Programming (MINLP) which is computation-
ally expensive. The online implementation of integrated scheduling and control requires repetitively solving the resulting
MINLP at each time interval. (Zhuge and Ierapetritou, Ind Eng Chem Res. 2012;51:8550–8565) To address the online
computation burden, we incorporare multi-parametric Model Predictive Control (mp-MPC) in the integration of sched-
uling and control. The proposed methodology involves the development of an integrated model using continuous-time
event-point formulation for the scheduling level and the derived constraints from explicit MPC for the control level.
Results of case studies of batch processes prove that the proposed approach guarantees efficient computation and thus
facilitates the online implementation. VC 2014 American Institute of Chemical Engineers AIChE J, 60: 3169–3183, 2014
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Introduction

Scheduling of process operations is an important activity
especially when multiple multipurpose units and a variety of
products are involved to achieve the optimal production
capacity and, thus, maximize plant profitability. Generally
the solutions of scheduling problems involve the allocation
of resources (material and equipments) at appropriate time
over a production horizon following a predefined recipe for
the production of specific products. For a short-term schedul-
ing problem, the solutions are composed of equipment
assignment, amount of material processed in units, task
sequence, and task starting/ending times. During the past
years significant efforts have been made in the development
of modeling and optimization approaches for batch schedul-
ing problems. Detailed review regarding the problem formu-
lations and optimization methods in batch scheduling can be
found in Floudas and Lin,2 Mendez et al.,3 Mouret et al.,4

and Maravelias.5

Unlike the steady state operations in continuous processes,
batch processes are operated at transient state. In batch oper-
ations, the state variables are varying under constraints
stemmed from mass and energy conservation laws.6 The task
of control problem is to obtain the optimal state profiles by
minimizing the operation cost under these constraints.7 Thus,
the objective of batch control problem is different from the
one addressing continuous processes. For continuous proc-
esses, the units operate at steady state and the optimal con-
trol strategies are designed to reduce off-spec products

during transitions between different production stages. In
contrast, the objective for batch control problem is to
improve the productivity during transient periods by generat-
ing optimal operating conditions.

Traditionally, production scheduling and process control

problems are studied separately in chemical processes. How-

ever, there are variables that connect the scheduling and con-

trol level such as the state variables at the starting and

ending of the transient periods, durations for the transient

periods and amounts of material being processed in units.

Therefore, scheduling and control are naturally linked and

cannot be considered completely separate. Using an inte-

grated approach that models the scheduling and control

simultaneously, information is exchanged between schedul-

ing and control level, contributing to the integrated decision

making which guarantees economical process operations.8–10

Previous published articles in this area have demonstrated
the advantages of integration. Bhatia and Biegler11 proposed
a framework for the integration of design, scheduling, and
control of multiproduct batch plants. The authors addressed
flowshop scheduling and replaced batch recipes with detailed
dynamic models and show the improvement of profitability
due to their integration using numerical examples. Mishra
et al.12 compared the performance of standard recipe
approach (SRA) with the overall optimization approach
(OOA) in optimizing general batch plants. In SRA, the pro-
duction scheduling problem follows the basis of standardized
recipes and is formulated using event-point-based continu-
ous-time formulation proposed in Ierapetritou and Floudas,13

whereas in OOA the dynamic models of the reaction tasks
are incorporated into the state-task network (STN) frame-
work. The OOA approach leads to a mixed integer dynamic
optimization (MIDO) problem which is discretized and
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solved as a Mixed Integer Nonlinear Programming (MINLP).
Their results shown that the OOA outperformed SRA in
terms of profitability. Recently Nie et al.14 used state equip-
ment network to represent a process and formulated mixed-
logic dynamic optimization for integrated scheduling and
control. They demonstrated the advantages of integrated
approach over conventional scheduling method through
numerical results. Chu and You15 proposed to use Benders
Decomposition to decrease the computation complexity, and
two-stage stochastic program16 to handle the uncertainties in
the integration of scheduling and dynamic optimization for
batch processes. For sequential batch processes, Chu and
You17 modeled the dynamics of the process using Pareto
frontiers that are obtained through offline recipe optimiza-
tion, and integrated them with the scheduling level. The
resulting integrated problem is computationally more effi-
cient than the original MINLP. They also proposed a new
online integrated method in which a reduced integrated prob-
lem is developed using a rolling horizon approach.18

Challenges of integration of scheduling and control for
batch processes mainly lie in modeling and computation.
Since scheduling and control levels have different dynamics
and different time scales, the integration requires high-
fidelity representations of both the scheduling problem and
the dynamics of the plant.10 Moreover, the resulting MIDO
is typically nonlinear and nonconvex, and the discretized
MINLP involves a large number of variables and constraints
and requires excessive computation effort to get solved.19,20

Thus, the problem complexity limits the scale of the prob-
lems that can be considered in online applications.

In this study, we propose to use multi-parametric Model
Predictive Control (mp-MPC)21 in the integration of schedul-
ing and control, since it is capable in generating the control
solution fast in the presence of disturbance by evaluating the
function of predetermined explicit solution. Model Predictive
Control (MPC) is an online optimization technique based on
a receding horizon mode.22 At each sample point the current
state and output are measured and a constrained optimization
problem is solved over a future time horizon to generate the
optimal future control strategy. After the first control strategy
is implemented to the process, the procedure is repeated in
the following time point with the horizon moving forward.
mp-MPC generates the control law as a set of explicit func-
tions of state variables, via multiparametric programming.23

The explicit control law can, then, be obtained offline and
the online optimization is reduced to simple function evalua-
tions. Therefore, mp-MPC results in faster application of
MPC in larger scale problems.24

To enable the integration of scheduling and control using
this idea, we first linearize the nonlinear dynamics and obtain
the piecewise affine (PWA) approximation model. Then, we
apply the Multiparametric Toolbox (MPT)25 and obtain the
explicit control solutions as functions of state variables. We,
then, transform the explicit solutions into explicit linear con-
straints and incorporate them into the constraints of schedul-
ing and obtain the integrated problem. We apply this
approach in two batch processes, and the results demonstrate
the feasibility and efficiency of the proposed methodology.

The rest of the article is organized as follows. The
description of a general integrated model for the integration
of scheduling and control for batch processes is presented in
section Modeling the integration of scheduling and control
for batch processes, followed by the scheme of simultaneous

scheduling and control using mp-MPC in section Simultane-
ous scheduling and control incorporating mp-MPC. Based on
that, the detailed problem formulation including constraints
at both scheduling and control level and the objective are
presented in section Problem formulation. Two batch proc-
esses are studied using the proposed approach and results are
discussed in section Case studies, and finally conclusions of
our study are made in section Discussion and conclusions.

Modeling the Integration of Scheduling and
Control for Batch Processes

As outlined in the introduction section, scheduling and
control are modeled simultaneously in this study. The
dynamic behavior of batch processes is incorporated into the
constraints of scheduling problem to form an integrated
problem.

The scheduling problems for batch processes typically
involve decisions associated with equipment assignment,
amount of material used in each task, task sequence, and
task starting/ending times. The constraints are mainly com-
posed of precedence constraints, duration of tasks, mass bal-
ance in units, and demand fulfillment. Because infinite
amount of raw material is assumed in our case studies, there
are no constraints on raw material availability. A general
mathematical model of the scheduling problem can be con-
cisely presented as follows

max
w;y;V;T

Jðw; y;V;TÞ (1)

s:t:

g1ðw; y;V;TÞ � demand

g2ðyÞ � Constant

Vin 5Vout

Tf 5Ti1Ts

8>>>>><
>>>>>:

(2)

where the vectors w and y stand for task and equipment
assignment with respect to time slots or event points, respec-
tively; V is the vector of amount of material used in different
tasks; and T is the vector of processing times for tasks. The
first constraint is to satisfy the demands and the second repre-
sents the task and unit assignments at slots or event points.
The other two sets of constraints correspond to mass balances
and duration constraints for each task or unit. The objective Jð
w; y;V;TÞ is to maximize the profit over a given time horizon.

The control problem focuses on the dynamic profile of
tasks in batch processes. Constraints involve the material
and energy balances, initial and end values as well as bounds
of state and manipulated variables in each task, during proc-
essing. Optimal control strategies are desirable as they gener-
ate transient profiles of state variables which are
economically preferable. An appropriate control strategy is
effective in improving the conversion or selectivity as well
as saving raw materials and utility cost. A general form of
the optimal control problem is as follows

max
uðtÞ

J xðtÞ; uðtÞ; qðtÞð Þ (3)

s:t:

_xðtÞ5f xðtÞ; uðtÞ;V; tð Þ

qðtÞ5h xðtÞ; uðtÞ;V; tð Þ

xðtÞ; uðtÞ; qðtÞð Þ 2 Xxuq

0 � t � T

8>>>>><
>>>>>:

(4)
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where x(t) is the vector of state variables such as concentra-
tion, temperature and reaction rate; u(t) is the set of manipu-
lated variables such as heating or cooling flow rate; q(t) is the
set of output (i.e., controlled variables) like conversion. Note
that all these variables are changing with respect to time. Xxuq

is the set of bounds for x(t), u(t), and q(t). As safety is a prior-
ity, we enforce bound constraints for state variables, for exam-
ple, temperature cannot exceed the upper bound. Vector V is
the amount of raw materials involved in the reactions; and T
is the processing time which can be either a variable or a
known value provided by the scheduling level.

With simultaneous modeling, dynamic models are incor-
porated into the constraints of scheduling problem giving
rise to the following integrated model

max
w;y;V;T;uðtÞ

J w; y;V;T; xðtÞ; uðtÞ; qðtÞð Þ (5)

s:t:

g1ðw; y;V;TÞ � demand

g2ðyÞ � Constant

Vin 5Vout

Tf 5Ti1Ts

_xiðtÞ5fi xiðtÞ; uiðtÞ;Vi; tð Þ

qiðtÞ5hi xiðtÞ; uiðtÞ;Vi; tð Þ

xiðtÞ; uiðtÞ; qiðtÞð Þ 2 Xxuq

0 � t � Ti

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

(6)

where index i represents time slots or event points, depend-
ing on whether time slots formulation or event-point formu-
lation is adopted in the scheduling problem, Vi and Ti are the
linking variables between the scheduling and control prob-
lems. The integration of scheduling and control levels results
in an overall optimization problem incorporating all the con-
straints and an objective function that takes into account all
the decision variables in scheduling and control level, result-
ing in a better overall performance.

Simultaneous Scheduling and Control
Incorporating mp-MPC

With integration of scheduling and control, the resulting
MINLP is generally computational very expensive. In the lit-
erature to achieve better computational performance,
Terrazas-Moreno et al.26 applied Lagrangean decomposition
to the integrated model and developed an iterative strategy
between a master scheduling problem and a primal control
problem. Their approach is effective in lowering computation
time and achieving optimality of the integrated problem. Chu
and You27 used generalized Bender decomposition to solve
the MIDO of the integrated problem and observed significant
reduction of computation time. In Zhuge and Ierapetritou
(submitted), we explore the structure of the integrated optimi-
zation problem for continuous and batch processes cyclic pro-
duction, and establish an efficient decomposition scheme in
which the production sequence could be separated from the
integrated problem when certain conditions are satisfied.

As described in the previous section, the online implemen-
tation of integrated scheduling and control requires a repeti-
tive solution of the resulting MINLP.1 In this study, we
propose to use mp-MPC to not only reduce the complexity
of the integrated problem but also reduce the calculation in
online application.

A brief summary of the parametric programming is pro-
vided here which serves as a basis for mp-MPC. Problem (7)
describe a parametric programming problem which obtains
the objective z as a function of parameters x, and Eq. 8
describes the corresponding critical regions

zðxÞ5min
u

f ðu; xÞ

s:t: gðu; xÞ � 0

x 2 Xx

u 2 Xu

(7)

(
zðxÞ5ziðxÞ

uðxÞ5uiðxÞ
when x 2 Xi

x

[
i
Xi

x5Xx

Xi
x \ Xj

x51

(8)

The solution set of parametric programming includes the
objective and decision variables as a function of the parame-
ters and the partition of the space of parameters. A certain
partition produces critical regions where the optimal solu-
tions are valid. According to the features of the objective
and constraints the parametric programming problem can be
categorized as mp-LP,28,29 mp-MIQP,30 mp-MILP,31 mp-
MINLP,32 and mp-NLP.33

MPC is widely recognized as it is capable to repetitively
solve the optimization problem that accounts for a future
horizon in online application (Figure 1).22 mp-MPC con-
versely parameterizes the states and solves the optimization
problem in MPC using parametric programming and per-
forms function evaluation in online application (Figure
2).23,34 In a sense mp-MPC transfers the online computation
into offline computation, effectively reducing the computa-
tional burden in online application.

In this work, we apply mp-MPC in the online implementa-
tion for the simultaneous solution of scheduling and control,
and solve the mp-MPC problem using MPT toolbox.25 As
shown in Figure 3 the dynamic optimization at the control
level is solved offline using MPT toolbox. The obtained
explicit control solutions are incorporated into scheduling
problem, resulting in a simplified integrated problem, that is,
a MINLP whose nonlinearity only present in the objective.

Specifically four steps are involved in implementing this
approach.

Figure 1. The working mode of conventional MPC.
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Step 1: Linearize the original dynamic model using PWA
approximation, which is a common approximation for Lip-
schitz continuous nonlinear dynamics.35,36

Step 2: Solve the control problem for the derived PWA
using MPT toolbox and obtain the explicit solutions for the
control problem.

Step 3: Transform the explicit solutions into explicit linear
constraints by introducing additional variables.

Step 4: Incorporate the constraints obtained in Step 3 into
the constraints of scheduling problem and build an overall
economic objective, which is calculated as the revenue
minus raw material and utility costs.

Problem Formulation

Figure 4 demonstrates how the scheduling and control
level are connected and how they are integrated. Let us
assume that task i is executed in unit j at event point n. The
dynamic behavior of the manipulated variables u and state
variables x are the focus of the control problem. It can be
observed that the amount of material V and processing time
T are shared as common variables at scheduling and control
levels. Therefore, it is essential to integrate these two levels
and handle the shared information simultaneously.

Constraints at scheduling level

The scheduling model follows the event-point-based for-
mulation proposed by Ierapetritou and Floudas.13 The model
involves the constraints that are described below.

Allocation Constraints. For each event point n, only one
task can take place in unit j if unit j is suitable for task, that
is, i 2 Ij y(j,n) 5 1 indicates that unit j is utilized at event
point n. If y(j,n) 5 0, then all w(i,n) are forced to be zero,
that is, neither task nor unit is assigned in event point nX

i2Ij

wði; nÞ5yðj; nÞ;8j 2 J; n 2 N (9)

Capacity Constraints. The material undertaken in the
unit should be greater than the minimum requirement of

Figure 2. The working mode of mp-MPC.

Figure 3. A scheme of integrated scheduling and control using MPT toolbox.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 4. Demonstration of the integration using event
point-based scheduling formulation.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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material and meanwhile less than the capacity of the unit.
For a trivial case, if w(i,n) 5 0, then B(i,j,n) 5 0, and the fol-
lowing inequality still hold

Vmin
ij wði; nÞ � Vði; j; nÞ � Vmax

ij wði; nÞ;8i 2 I; j 2 Ji; n 2 N

(10)

Storage Constraints. The intermediate material at any
state stored in storage tank at event point n is limited by the
tank capacity. In the case that unlimited intermediate storage
is assumed, ST ðsÞmax

goes to infinity

ST ðs; nÞ � ST ðsÞmax ;8s 2 S; n 2 N (11)

Material Balance. The amount of material of state s at
event point n is equal to the sum of the material amount at
the previous event point and the amount produced at the pre-
vious event point subtracted by the amount delivered to the
market and amount consumed by the unit at the current
event point

ST ðs; nÞ5ST ðs; n21Þ2dðs; nÞ1
X
i2Is

qp
si

X
j2Ji

Vði; j; n21Þ

2
X
i2Is

qc
si

X
j2Ji

Vði; j; nÞ; 8s 2 S; n 2 N

(12)

Duration Constraints. The processing time of task i at
unit j is calculated as the sum of a fixed term aij and a vary-
ing term bijVði; j; nÞ which is linearly increasing with the
amount of material

Tfði; j; nÞ5Tsði; j; nÞ1aijwði; nÞ1bijVði; j; nÞ;

8i 2 I; j 2 Ji; n 2 N
(13)

When the process dynamics are integrated, the processing
time of tasks (Trv) should be variables as shown in (14)
rather than a proportional term in (13)

Tfði; j; nÞ5Tsði; j; nÞ1aijwði; nÞ1Trvði; j; nÞyðj; nÞ;

8i 2 I; j 2 Ji; n 2 N
(14)

Sequence Constraints: Same Task in the Same Unit.
Task i starting at event point n 1 1 should start after the end
of the same task processed at unit j but started at event point
n. If wði; jÞ5yði; jÞ50, (15) is trivially satisfied

Tsði; j; n11Þ � Tfði; j; nÞ2Hð22wði; nÞ2yðj; nÞÞ;

8i 2 I; j 2 Ji; n 2 N; n 6¼ N
(15)

Tsði; j; n11Þ � Tsði; j; nÞ;8i 2 I; j 2 Ji; n 2 N; n 6¼ N (16)

Tfði; j; n11Þ � Tfði; j; nÞ;8i 2 I; j 2 Ji; n 2 N; n 6¼ N (17)

Sequence Constraints: Different Tasks in the Same Unit.
Task i starting at event point n 1 1 in unit j should start after
the end of the other tasks processed at unit j but started at
the prior event point

Tsði; j; n11Þ � Tfði0 ; j; nÞ2Hð22wði0 ; nÞ2yðj; nÞÞ;

8i 2 Ij; i
0 2 Ij; i 6¼ i

0
; j 2 J; n 2 N; n 6¼ N

(18)

Sequence Constraints: Different Tasks in Different Units.
Tasks starting at event point n 1 1 should start after the end
of tasks starting at event point n, for whichever units the
tasks are processed in

Tsði; j; n11Þ � Tfði0 ; j0 ; nÞ2Hð22wði0 ; nÞ2yðj0 ; nÞÞ;

8j; j0 2 J; i 2 Ij; i
0 2 Ij; i 6¼ i

0
; n 2 N; n 6¼ N

(19)

Sequence Constraints: Completion of Previous Tasks.
Task should start after all the previous tasks in the same unit
are finished

Tsði; j; n11Þ �
X

n0 2N;n0<N

X
i0 2Ij

ðTfði0 ; j; n0 Þ2Tsði0 ; j; n0 ÞÞ;

8i 2 I; j 2 Ji; n 2 N; n 6¼ N

(20)

Time Horizon Constraints. The starting time and ending
time for each task should be within the time horizon

Tfði; j; nÞ � H;8i 2 I; j 2 Ji; n 2 N (21)

Tsði; j; nÞ � H;8i 2 I; j 2 Ji; n 2 N (22)

Constraints at control level

The control strategy in batch processes involves generat-
ing time-varying profiles of manipulated and state variables.
For example, when a batch reactor is in operation tempera-
ture plays an important role in affecting reaction rate and
conversion. To achieve high conversion as well as reduce
the heating or cooling utility cost, a comprehensive objective
involving the process yield and utility cost is usually
adopted.

A first principle model based on material and energy bal-
ances describes the system dynamic of batch process. The
state variables include concentration, temperature, and pres-
sure; the manipulated variables are heating or cooling flow
rate, and feeding flow rate in semibatch processes. Following
is a general form of such a model

_xðtÞ5f ðxðtÞ; uðtÞÞ

qðtÞ5hðxðtÞ; uðtÞÞ

xð0Þ5x0; uð0Þ5u0

(23)

where x represents the vector of state variables, q is the out-
put, and u is the vector of manipulated variables.

During batch operations the process variables are under-
going transient state. Therefore, unlike the continuous case
in which an optimal constant set-point is obtained, the objec-
tive in batch operation is to determine the optimal transient
profile which maximizes or minimizes an economic perform-
ance including revenue, material cost, and utility cost.

A general form of objective function is

max
uðtÞ

J5UðxðtfÞÞ1
ðtf

0

LðxðtÞ; uðtÞÞdt (24)

where J is the overall profit to be maximized, tf is final time;
and U is the profit at the final time point. The integral term
is a comprehensive form involving the profit due to produc-
tion and the utility cost with respect to the entire transient
period.

Constraints including the process dynamics (23) as well as
safety constraints including bounds for temperature and other
important state variables (25), and unit operation specifica-
tions such as the maximum valve position
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xmin � xðtÞ � xmax

umin � uðtÞ � umax

(25)

The linking variables and constraints

After solving the mp-MPC problem we obtain the state
transitions at each sample step Eqs. 26–28 and the manipu-
lated variables as linear functions of the states Eqs. 29–31.
These constraints describe the dynamic profiles of manipu-
lated variables and state variables.

PWA Approximation of the Kinetic Model.

xðk11Þ5AjxðkÞ1BjuðkÞ1Cj;

if xðkÞ 2 Xj; k 2 K5f1; 2; :::;NKg
(26)

where

Xj5fx : Vjx � Wjg; j 2 J5f1; 2; :::;NJg (27)

and Xj satisfies the following conditions which enforce that
fX1;X2; . . . ;XNJ

g represents a complete and nonoverlapping
partition of Xx

[
j
Xj5Xx

Xj1 \ Xj1 51; j1; j2 2 Jand j1 6¼ j2

(28)

Explicit Control Solutions Obtained by Solving mp-MPC
Problem Using the MPT Toolbox.

uðkÞ5FixðkÞ1Gi; if xðkÞ 2 CR i; k 2 K (29)

where

CR i5fx : Hix � Kig; i 2 I5f1; 2; :::;NIg (30)

and CR i satisfies the following constraints

[
i
CRi5Xx

CR i1 \ CR i2 51; i1; i2 2 Iand i1 6¼ i2

(31)

Equations 26–31 are implicitly linear, because the linear
functions are valid in certain regions. We need to transform
them into explicit linear constraints Eqs. 32–37.

Binary variables y1 are introduced to select the critical
region in (30). If y1i51 this means that x is located in region
i while if y1i50 x is not at this region. M is a big positive
number which relaxes constraints inequality (32) when
y1i50. Constraint (33) enforces that only one region is valid
for a certain pair of Hi;Ki

2Mð12y1iÞ1HixðkÞ � Ki (32)X
i

y1i51 (33)

Using these binary variables, (29) is transformed into the
following constraint

FixðkÞ1Gi2Mð12y1iÞ�uðkÞ�FixðkÞ1Gi1Mð12y1iÞ (34)

Similarly variables y2 are introduced to select the region
(27) where the specific linearization is valid

2Mð12y2jÞ1VjxðkÞ � Wj (35)X
j

y2j51 (36)

(26) is then transformed into the following

AjxðkÞ1BjuðkÞ1Cj2Mð12y2jÞ � xðk11Þ �

AjxðkÞ1BjuðkÞ1Cj1Mð12y2jÞ
(37)

Since the dynamic period is discretized, the processing
time Trv can be calculated in Eq. 38 where h is the step
length, and Nk is the total number of steps

Trv5Nkh (38)

Both manipulated and state variables are confined by their
corresponding bounds in inequalities (39).

ulow � u � uup

xlow � x � xup

(39)

Note that all the derived constraints at control level and
the constraints at scheduling level are linear. Thus, the inte-
grated problem is simplified from the original MINLP.

The objective of the integrated problem

The objective of the integrated problem is to maximize
the overall profit by obtaining the optimal scheduling and
control solutions. Thus, the objective corresponds to revenue
minus raw material and utility cost as follows

J5CPVXðkÞ2CrV2CuV
Xk21

k051

uðk0 Þ (40)

where X is the conversion, u is the scaled temperature corre-
sponding to utility consumption,14 CP;Cr; and Cu are the
product price, raw material price, and utility price,
respectively.

The dynamic model is discretized with fixed step size as
shown in Figure 5, and in the control problem the optimal
number of steps is determined. Note that the index k in (40)
is a decision variable and X and u are defined over k, making
k an implicit decision variable. To eliminate this complexity,
we introduce an alternative formulation given by Eq. (41)
that eliminates index k from the objective using varying step
size h and fixed number of steps Nk, as shown in Figure 6.
The number of sample points Nk is constant and the step
size h1 and the processing time T1 are variables. Figure 6
demonstrates two cases with different processing times but
identical number of sample steps. It can be observed that a
varying step size enables a flexible processing time with a
constant sample size. Therefore, solving the integrated prob-
lem generates the optimal step size and the corresponding
processing time

J5CPVXðNkÞ2CrV2CuV
XNk21

k051

uðk0 Þ (41)

Case Studies

In this section, we consider two case studies that have
been extensively studied in the scheduling literature and
compare the results of the integrated methodology presented
above with the approach that considers the scheduling and
control problems separately. In this later approach, we solve
the scheduling problem first and then solve the control prob-
lem based on the solution of the scheduling problem. The
overall objective for the optimization problem is the maximi-
zation of profit, which is defined as the revenue from selling
the products minus raw material cost, equipment cost, and
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utility cost. The recipe and dataset of the case studies are the
ones used at Ierapetritou and Floudas.13

A simple batch process

As shown in Figure 7, a batch process produces a single
product through three consecutive processing stages, that is,
mixing, reaction, and separation. The process is represented
by the STN in Figure 8. Information regarding the capacity
of units, suitability, price of material is provided in Table 1.
In this case, No Intermediate Storage and Zero Wait policies
are assumed.

In this study, a simplified reaction kinetic is assumed. u is
a scaled temperature which is defined to substitute the rate
constant and (42) is an approximation of the kinetic model.14

The utility consumption is equal to an integral of u with
respect to time. In this case, the reaction is assumed to be
endothermic, so higher temperature drives the concentration
of reactants to decrease fast, as indicated in (42)

dx

dt
52ux (42)

As mentioned in section Simultaneous scheduling and
control incorporating mp-MPC, we transform the nonlinear
model into PWA as follows.

Let f ðu; xÞ5dx=dt, and linearize it at x5x0; u5u0

dx

dt
5f ðu; xÞ

5f ðu0; x0Þ1ðu2u0Þfuðu0; x0Þ1ðx2x0Þfxðu0; x0Þ

52x0u2u0x1u0x0

(43)

dx=dt5ðxðk11Þ2xðkÞÞ=h, where h is the sample step. Thus,
we obtain

xðk11Þ2xðkÞ
h

52x0u2u0x1u0x0 (44)

leading to the following equation

xðk11Þ5ð12u0hÞxðkÞ2x0huðkÞ1u0x0h (45)

which pertains to the general form as follows

xðk11Þ5AxðkÞ1BuðkÞ1C (46)

In this case, we linearize the dynamic around seven
points: u0 5 1, x0 5 [3, 2.5, 2, 1.5, 1, 0.5, 0].

Handle the nonlinearity brought by h. For a control prob-
lem with fixed sample step h, (45) corresponds to a linear
problem. However, in this study we consider the unit process-
ing time as a variable (Trv in (14) and T1, T2 in Figure 6) and
as we use fixed number of sample points (Figure 6), the sam-
ple step is also a variable which transforms (46) to a nonlinear
equation.

From (45) and (46), we obtain

A512u0h

B52x0h

C5u0x0h

(47)

To avoide the nonlinearity in (46), we discretize h as
shown in Figure 9 and introduce binary variables to repre-
sent the selection of h.

Equations (48) and (49) represent the selection of h in the
discretized segment

2Mð12y3mÞ1H3mh � K3m (48)X
m

y3m51 (49)

Therefore, (37) is transformed into (50)

Figure 5. Discretization with fixed step size.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 6. Discretization with varying step size but fixed
number of steps.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 7. Flow sheet for example 1.
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ð12u0hhmÞxðkÞ2x0jhhmuðkÞ1u0x0jhhm

2Mð12y2jÞ2Mð12y3mÞ �

xðk11Þ � ð12u0hhmÞxðkÞ2x0jhhmuðkÞ1u0x0jhhm

1Mð12y2jÞ1Mð12y3mÞ

(50)

Handle the nonlinearity in (14). As in (14) both Trv and
y are decision variables, the last term corresponds to a bilin-
ear term. To eliminate the nonlinearity we introduce an alter-
native form as follows

Tfði; j; nÞ5Tsði; j; nÞ1aijwði; nÞ1Trvði; j; nÞ (51)

Tyðj; nÞ � Trvði; j; nÞ � �Tyðj; nÞ (52)

where yðj; nÞ51, unit j is selected for processing and Trv is
subject to the lower and upper bounds. Otherwise the unit is
not selected and the processing time should be zero.

The explicit control solutions generated by mp-MPC are
shown in Figure 10. The integrated problem (MINLP) has 2582
variables and 17,050 constraints and it takes 218.71s to solve
using GAMS/SBB37 on a 3.0 GHz CPU/1.0 GB RAM PC. Solv-
ing the integrated problem, we obtain the dynamic profile at con-
trol level (Figure 11) and the scheduling solution in Figure 12.

A more complex batch process

As shown in Figure 13, this problem’s STN represents a pro-
cess that is capable of producing two products through five proc-
essing stages: heating, Reactions 1, 2, and 3, and separation of
Product 2 from impure E. The material flow in this process indi-
cates that two cascade reactions (Reaction 1 and 2) are involved
in producing Product 1. It is reasonable to assume that the overall
conversion is calculated by multiplying the conversions of the
related reactions. The problem time horizon is 8 h. Equipment
specification and price information are provided in Table 2.

Compared to the previous case, this process features cascade
reactions and multiple raw materials multiple products. Thus, a
product of conversions VX1X2 is present in the objective (53)

J5CP1 V1X1ðNkÞX2ðNkÞ1CP2 V3X3ðNkÞ

2
X

i

Cri Vi2Cu
X

j

Vj

X
k’

ujðk
0 Þ (53)

When building the integrated model to make the problem
computationally tractable without losing essential parts of
the proposed modeling approach, we made the following
assumptions in this study.

Assumption 1: A generalized kinetic model that relates
scaled temperature (u) and conversion (X).
A first-order reaction kinetics is assumed

dC

dt
52uC (54)

Using the relation between concentration and conversion
C5C0ð12XÞ, we obtain

dX

dt
5uð12XÞ (55)

We simplify the specific kinetic of the all the reactions and
use (55) as a general form. The amounts of Products 1 and 2
are then given by VX1X2 and VX3, respectively. Utility
amount is equal to Vu.

Assumption 2: The conversions for the tasks, which
belong to the same reaction but are executed at different
reactors are equal. For example, the conversion for tasks 2
and 3 are equal. This avoids mixing the material with differ-
ent conversion in storage IntBC.

Assumption 3: To satisfy the products’ quality specifica-
tion, we assign lower bounds for the conversion of Reactions
1, 2, and 3: X1> 0.6, X2> 0.5, and X3> 0.3.
In this case study, we investigate four scenarios and compare
their detailed results.

Scenario 1: The integrated problem (MINLP) involving
the nonlinear objective in (53) and the linear constraints
shown in formula (56). This is the proposed methodology
where mp-MPC is incorporated in this study

max
w;y;V;d;ST ;Ts ;Tf

Trv ;x;u;X;y1;y2

J5CP1 V1X1ðNkÞX2ðNkÞ1CP2 V3X3ðNkÞ

2
X
i2IR

Cri Vi2Cu
X

j

Vj

X
k0

ujðk
0 Þ

s:t:

ð9Þ-ð12Þ scheduling constraints

ð15Þ-ð22Þ scheduling constraints

ð32Þ-ð39Þ explicit MPC

ð48Þ-ð50Þ handle the nonlinearity in ð45Þ

ð51Þ-ð52Þ handle the nonlinearity in ð14Þ

8>>>>>>>>>>>><
>>>>>>>>>>>>:

(56)

Scenario 2: Directly apply the explicit control solution
produced by mp-MPC to the scheduling solution generated
by the pure scheduling problem in Ref. 13. In the pure

Figure 8. State-task network of example 1.

Table 1. Data for Unit Specification and Market Information

of Example 1

Unit Capacity (L) Suitability
Mean

Processing Time (h)

Mixer 100 Task 1 4.5
Reactor 75 Task 2 3.0
Purificator 50 Task 3 1.5

State and Utility
Storage
Capacity (L)

Initial
Amount (L) Price ($/L)

State 1 (Raw) Unlimited Unlimited 0.2
State 2 100 0.0 0.0
State 3 100 0.0 0.0
State 4 (Product) Unlimited 0.0 1.0
Utility Unlimited 0.0 0.05

Figure 9. Discretization of step size h.
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scheduling problem involving constraints (9–13) and (15–
22), the objective is to maximize the throughput of the pro-
cess with empirical estimation of the processing time in
(13). The optimization problem for Scenario 2 is presented
in (57)

max
w;y;V;d;ST ;Ts ;Tf

J5
X

n

dðs5‘‘product 1’’; nÞ

1
X

n

dðs5‘‘product 2’’; nÞ

s:t:
ð9Þ-ð13Þ scheduling constraints

ð15Þ-ð22Þ scheduling constraints

8<
:

(57)

Scenario 3: Solve the control problem using mp-MPC and
apply the obtained explicit control solutions to the dynamic
and obtain the operation conditions (Figures 14–16). The
approximated relations are incorporated into the scheduling
constraints.

From Figure 15, we obtain the empirical relation between
reaction time and conversion: the required reaction time is
proportional to the desired conversion

Trv5bX (58)

Thus, we have the following time constraint which replaces
the original constraints in (13)

Tf5Ts1a1bX (59)

By combining the empirical relations in Figures 15 and 16,
we obtain the empirical relation between utility amount and
the conversion: the utility consumption is proportional to the
desired conversion.

Utility amount 5

ðTrv

0

uðtÞdt5cX (60)

Based on the above, we have the optimization problem for
Scenario 3

max
w;y;V;d;ST ;Ts;Tf ;X

J5CP1 V1X1X21CP2 V3X3

2
X
i2IR

Cri Vi2Cu
X
i2IR

VicXi

s:t:

Tf5Ts1a1bXempirical time constraint

ð9Þ-ð12Þ scheduling constraints

ð15Þ-ð22Þ scheduling constraints

8>>>><
>>>>:

(61)

This is a small scale MINLP problem which involves a non-
linear objective function and linear constraints. The formula-
tion in (61) realizes an implicit integration (compared to the
explicit integration in Scenario 1) of scheduling and control
since it incorporates empirical relations of the operation con-
ditions obtained in the control problem. Note that the
implicit integration does not bring extra constraints to the
scheduling problem but replaces constraint (13) with (59).

Figure 10. Explicit solution for mp-MPC.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 11. Dynamic profile of the reactor.

x represents the concentration of raw material and u
represents the scaled temperature. [Color figure can be

viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 12. Scheduling solution for example 1.

Figure 13. Flow sheet for example 2.
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Scenario 4: In this scenario, we build an integrated prob-
lem (MIDO) and discretize it into a MINLP using implicit
Runge–Kutta method38 which has a general form in Eqs.
(62) and (63)

xðk11Þ5xðkÞ1b1K11b2K21 � � �1bsKs (62)

where

Ki5hf tðkÞ1cih; xðkÞ1
Xs

j51

aijKj

 !
(63)

Here a, b, c are parameters and K is the intemediate vari-
able. x is the state variable here it represents conversion.
The dynamic model f follows the kinetic model in (55). We
use Hammer-Hollingsworth with Butcher tableau as follows

c1 a11 a12 � � � a1s

c2 a21 a22 � � � a2s

� � � . .
.

�

cs as1 as2 � � � ass

b1 b2 � � � bs

2
6666666664

3
7777777775

5

32
ffiffiffi
3
p

6

31
ffiffiffi
3
p

6

1

4

1

4
2

ffiffiffi
3
p

6

1

4
1

ffiffiffi
3
p

6

1

4

1

2

1

2

2
6666666666666664

3
7777777777777775

(64)

Thus, we obtain the following discretization of the dynamic
model

_xðk; nÞ5f ðxðk; nÞ; uðk; nÞÞ; 8k 2 ½1; . . . ;Nk�; n 2 N (65)

K1ðk; nÞ5f ðtðk; nÞ10:2113hðnÞ; xðk; nÞ

1hðnÞð0:25K1ðk; nÞ20:0387K2ðk; nÞÞ; uðk; nÞÞ

8k 2 ½1; . . . ;Nk�; n 2 N

(66)

K2ðk; nÞ5f ðtðk; nÞ10:7887hðnÞ; xðk; nÞ

1hðnÞð0:5387K1ðk; nÞ10:25K2ðk; nÞÞ; uðk; nÞÞ

8k 2 ½1; . . . ;Nk�; n 2 N

(67)

hðnÞ5 TrvðnÞ
Nk

(68)

xðk11; nÞ5xðk; nÞ1hðnÞ 0:5K1ðk; nÞ10:5K2ðk; nÞð Þ; 8k
2 ½1; . . . ;Nk21�; n 2 N (69)

The first-order derivatives of the state variables at each step
are calculated using Eq. 65 and k represents sample steps in
the transient duration. Through the calculation of intermedi-
ate variables K1, K2 in Eqs. 66 and 67, and the sample size
in (68) the state of the next step is obtained by Eq. 69. Opti-
mization problem for this scenario is presented in (70)

max
w;y;V;d;ST;Ts ;Tf

Trv ;x;u;X;k1;k2

J5CP1 V1X1ðNkÞX2ðNkÞ1CP2 V3X3ðNkÞ

2
X
i2IR

Cri Vi2Cu
X

j

Vj

X
k0

ujðk
0 Þ

s:t:

ð9Þ-ð12Þ scheduling constraints

ð14Þ-ð22Þ scheduling constraints

ð65Þ-ð69ÞdiscretizationusingimplicitRunge-Kuttamethod

8>>>><
>>>>:

(70)

Scheduling solutions and detailed results of all scenarios
are presented in Figures 17–21 and Table 3. Note that in the
sequential solution procedures of Scenario 1, the optimiza-
tion problem in (56) corresponds to MILP with the objective
function being linearized using (78) and (79), whereas the
optimization problem in (56) is a MINLP. For Scenario 3,
the optimization problem in (61) with the objective

Table 2. Data for Unit Specification and Market Information

of Example 2

Unit Capacity (L) Suitability
Mean Processing

Time (h)

Heater 100 Heating 1.0
Reactor 1 50 Reaction 1,2,3 2.0, 2.0, 1.0
Reactor 2 80 Reaction 1,2,3 2.0, 2.0, 1.0
Distillation 200 Separation 1 for Product 2,

2 for Int AB

State and
Utility

Storage
Capacity (L)

Initial
Amount (L)

Price
($/L)

Feed A Unlimited Unlimited 0.2
Feed B Unlimited Unlimited 0.2
Feed C Unlimited Unlimited 0.2
Hot A 100 0.0 0.0
Int AB 200 0.0 0.0
Int BC 150 0.0 0.0
Impure E 200 0.0 0.0
Product 1 Unlimited 0.0 5.0
Product 2 Unlimited 0.0 1.0
Utility Unlimited 0.0 0.05

Figure 14. Temperature profile obtained by applying
the explicit control solution to the reaction.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 15. Conversion profile and the approximation
(empirical relation).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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linearized using (72), (78), and (79) is a MILP, and the opti-
mization problem in (61) corresponds to MINLP. In Scenario
4, we solve problem (70) using MINLP solver DICOPT and
also the global optimizer BARON.

It can be observed that Scenario 2 generates significantly
lower profit. This is due to the lack of integration of sched-
uling and control. In Scenario 2, the scheduling problem and
control are solved sequentially, and thus, it cannot achieve
the overall optimum solution since the obtained scheduling
solutions based on which the control problem is solved may
not be optimal for the control level. As shown in Figure 18,
slots 623 and 733 which correspond to Reaction 3 corre-
spond to smaller processing time compared to Scenario 1,
resulting in less production of Product 2 (see the amount of
Product 2 in Table 3) and, thus, less revenue.

It can also be observed that the profit of Scenario 3 is
lower than Scenario 1 but higher than Scenario 2. The
implicit integration of scheduling and control in Scenario 3
partially shares information between scheduling and control
levels since it approximates the nonlinear relations using lin-
ear functions (Figures 15 and 16), so it performs better than
Scenario 2 where no integration is performed but worse than
the explicit integration in Scenario 1. However, the problem
size of Scenario 3 is significantly smaller than Scenario 1
and thus requires much less computation time.

Table 3 also presents the detailed results for Scenario 4
where we build a MIDO for the integrated problem and dis-
cretize it into a MINLP using implicit Runge–Kutta method.
There is a remarkable comparison between Scenarios 1 and
4, where they both represent the integrated problem but they
differ significantly in problem size, CPU time, and profit.
Although Scenario 1 (the proposed approach) has much
larger problem size, it needs much less time to compute

compared to DICOPT and BARON solver in Scenario 4.
This is because of the problem formulation as all the con-
straints are linear in Scenario 1, while constraints (14), (65–
69) in Scenario 4 are nonlinear. Scenario 1 produces slightly
lower profit than BARON does while its solution time is
reduced in nearly two orders of magnitude. Apparently
DICOPT in Scenario 4 obtains a local optimum solution
since in this case the profit found is 15% lower than the one
using a global optimization approach.

The dash lines in Figures 15 and 16 show two extreme
cases of Scenario 3 that corresponds to an optimistic and a
pessimistic case. In the optimistic case, the approximated
conversion profile is always above the true profile and the
utility amount is lower than the true one, while in pessimis-
tic case the approximation follows an opposite trend. Solving
problem (61) for both cases results in profit $140.29 and
$136.5, respectively. Both of them have lower profit than
Scenario 3 because they use worse approximation (the dis-
tance between the linear profile and the true profile is
greater) as shown in Figures 15 and 16. Note that the profit
associated with Scenario 3 is obtained by incorporating the
solution of problem (61)–(56) and calculating the real profit
using the objective in (56), that is, the profit is the one that
realized in the real case. This ensures a fair comparison
between the different scenarios.

Discussion and Conclusions

Linear approximation of the objective function

The proposed formulation for simultaneous scheduling and
control results corresponds to a MINLP which involves lin-
ear constraints and a nonlinear objective function. To
improve the computation efficiency, we linearize the bilinear
term in the objective using a simple first-order Taylor expan-
sion (71) and, thus, transforming the problem to a MILP.

Figure 16. Utility amount profile and the approximation
(empirical relation).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 17. Scenario 1, scheduling solution for MINLP.

Red number represents the index of task-unit-

eventpoint (ijn) and black number represents the

(amount of material/conversion/utility consumption).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 18. Scenario 2, apply control to preobtained
scheduling solution.

Red number represents the index of task-unit-event

point (ijn) and black number represents the (amount

of material/conversion/utility consumption). [Color fig-

ure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]

Figure 19. Scenario 3, implicit integration based on the
recipe obtained in control problem.

Red number represents the index of task-unit-event

point (ijn) and black number represents the (amount of

material/conversion/utility consumption). [Color figure

can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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In Case 1, we linearize the term V 3 X(Nk) at (V0, X0) fol-
lowing (72) and obtain a linear objective function (73). We
chose different points where the bilinear term is expanded
and solve the corresponding MILP, and summarize the
results in Table 4

f ðu; xÞ � f ðu0; x0Þ1ðu2u0Þ
@f

@u
ðu0; x0Þ1ðx2x0Þ

@f

@x
ðu0; x0Þ

(71)

VX � V0X01ðV2V0ÞX01ðX2X0ÞV05V0X1X0V2V0X0

(72)

J05CPðV0XðNkÞ1VX0ðNkÞ2V0X0ðNkÞÞ2CrV2Cu
XNk21

k051

uðk0 Þ

(73)

Note that the MILP is solved with a different objective
(73) compared to the one of the MINLP (40). However, the
results in Table 4 are calculated following the same equa-
tions as follows

Revenue 5 ProductAmount 3ProductPrice (74)

RawCost 5 RawMaterialAmount 3RawPrice (75)

UtilityCost 5 UtilityAmount 3UtilityPrice (76)

Profit 5 Revenue 2RawCost 2UtilityCost (77)

In Case 2 through linearization of the bilinear term in the
objective (78) and (79), we obtain a linear objective function
and an overall MILP problem. The derived MILP has the
same problem size as the MINLP and takes around 18 s to
solve using GAMS/CPLEX. The results of the MILP with
four linearization points are provided in Table 5. The best
linearization point is V0

15V0
3550, X0

15X0
25X0

350:6 where
the corresponding result $179.96 is slightly lower than the
profit of the MINLP which is $182.55

V1X1X25V0
1X0

1X21V0
1X0

2X11X0
1X0

2V122V0
1X0

1X0
2 (78)

V3X35V0
3X31X0

3V32V0
3X0

3 (79)

Results for both cases show that the MILP generates
lower profit than the MINLP. This is because the MILP
fails to capture the optimum of the original objective. How-
ever, the MILP requires significantly less computation time.

Figure 20. Scenario 4, original integrated problem
MIDO discretized into a MINLP using
implicit RK method, solved using GAMS/
DICOPT.

Red number represents the index of task-unit-event

point (ijn) and black number represents the (amount

of material/conversion/utility consumption). [Color

figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 21. Scenario 4, original integrated problem
MIDO discretized into a MINLP using
implicit RK method, solved using GAMS/
BARON.

Red number represents the index of task-unit-event

point (ijn) and black number represents the (amount

of material/conversion/utility consumption). [Color

figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 3. Comparison of the Quantitative Results for Four Scenarios

Four Scenarios

Scenario 1:
Integrated

Problem (MINLP)
Nonlinearity

Only in the Objective

Scenario 2: Apply Con-
trol to Obtained Schedul-

ing (Directly Apply
Explicit Control

Solution)

Scenario 3: Implicit Inte-
gration Based on the

Recipe Obtained in Con-
trol Problem (Small

MINLP)

Scenario 4:
Original

MIDO Discretized
Into MINLP Using

Implicit
RK4 Method,
Nonlinearities

in the Objective
and Constraints

Problem size 16,039 variables,
107,324 constraints

N/A 653 variables, 1284
constraints

5932 variables, 8495 constraints

Solver Warm start solving pro-
cedures: solve MILP
using CPLEX39, and
then solve MINLP
using DICOPT40, 76 s

N/A (no solver
is needed)

Warm start solving pro-
cedures: solve MILP
using CPLEX39, and
then solve MINLP
using DICOPT40, 14 s

DICOPT40 157.6 s BARON41 4804.9 s,
maximum CPU
time is set to 6000 s

Product 1 amount (L) 38.71 29.77 37.70 34.38 41.25
Product 2 amount (L) 58.50 26.34 30.15 50.0 55.03
Revenue ($) 252.06 175.19 218.65 221.89 261.23
Raw A amount (L) 86.67 70.44 84.0 72.0 86.0
Raw B amount (L) 65.0 52.84 63.0 54.0 85.0
Raw C amount (L) 84.50 70.58 73.0 73.50 84.50
Raw Cost ($) 47.23 38.77 44.0 39.90 47.10
Utility amount (L) 445.47 305.60 540.40 430.76 515.60
Utility cost ($) 22.27 15.28 27.02 21.54 25.78
Profit ($) 182.55 121.14 147.63 160.45 188.35
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This helps to achieve a balance between computation com-
plexity and optimality as the linearization greatly simplifies
the problem while keeping the solution close to the
optimum.

Discussion

Chemical reactions are normally exothermic or endother-
mic, and therefore, temperature profile during the reactions
plays a vital role in affecting the conversions. In batch pro-
cess operations, as we intend to achieve high conversions
with low-utility cost, it is essential to apply control to batch
reactors and obtain an optimal dynamic profile for the
temperature.

In this study, we model scheduling and control problem
for batch processes simultaneously using mp-MPC. The rea-
son that we adopt mp-MPC is that it generates control signal
instantly by function evaluation and, thus, greatly reduce
computation complexity when control level is integrated
with scheduling level. To the authors’ knowledge, this is the
first attempt in this area to explore the possibility and feasi-
bility of applying mp-MPC in control and scheduling prob-
lem. The main contribution of this study is that we propose
a framework which is capable to transform explicit control
solution generated by mp-MPC into explicit linear con-
straints, and incorporate with the linear constraints at sched-
uling level. This results in an integrated problem that
involves linear constraints and a nonlinear objective. Results
of case studies demonstrate that the integration achieves
much high profit compared to the sequential approach.

In the case studies, we focus on single-input single-out-
put (SISO) systems. It should be noted that in the cases
of multiple-input multiple-output (MIMO) systems, the

problem size of the resulting integrated problem
increases, due to the fact that the number of critical
regions increases exponentially in the size of the MPC
problem (in terms of state dimension and prediction hori-
zon).42,43 For instance, a MIMO system needs more
inequalities to describe the valid regions for PWA in (27)
and more inequalities to represent the critical regions in
(30). This requires more binary variables to select the
regions and more explicit constraints to represent the
selection in (32)–(37).

It should be noted that in the case studies we did not con-
sider availability of raw materials and the demand of prod-
ucts. In fact we maximize the production capacity of the
process following a given recipe without considering market
constraints which are typically considered at planning level.
Currently we use PWA system to solve mp-MPC using MPT
toolbox. We believe that the progress in developing mp-
MPC for nonlinear dynamic would benefit the direct integra-
tion with a nonlinear system.

This study demonstrates that mp-MPC builds linear con-
straints for control level and, thus, effectively reduces the
complexity of the integrated problem involving scheduling
and control levels. Since the integration of planning and
scheduling levels results in a MILP,44,45 we believe an inte-
gration of planning, scheduling, and control would also lead
to linear constraints, if mp-MPC is incorporated. Based on
this, our future efforts are toward enterprise wide
optimization.
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Table 4. Results of the MINLP and the Derived MILP (Case 1)

MINLP

MILP MILP MILP MILP MILP MILP
V0 5 50 V0 5 60 V0 5 70 V0 5 70 V0 5 40 V0 5 80
X0 5 0.5 X0 5 0.4 X0 5 0.6 X0 5 0.7 X0 5 0.7 X0 5 0.6

Solver SBB/IPOPT Cplex Cplex Cplex Cplex Cplex Cplex

ProductAmount (L) 53.56 45.33 43.67 51.0 51.0 51.0 45.33
Revenue ($) 53.56 45.33 43.67 51.0 51.0 51.0 45.33
RawMaterialAmount (L) 78.0 68.0 64.0 75.0 75.0 75.0 68.0
RawCost ($) 15.60 13.60 12.80 15.0 15.0 15.0 13.60
UtilityAmount (L) 42.32 40.0 41.16 20.8 20.8 20.8 40.0
UtilityCost ($) 2.12 2.0 2.06 1.04 1.04 1.04 2.0
Profit ($) 35.84 29.73 28.80 34.96 34.96 34.96 29.73

Table 5. Results of the MINLP and the Derived MILP (Case 2)

MINLP

MILP MILP MILP MILP
V0

1 5V0
3 560; V0

15V0
3560; V0

15V0
3550; V0

15V0
3550;

X0
15X0

250:5 X0
15X0

250:6 X0
15X0

250:6 X0
15X0

250:5
X0

3 50:5 X0
350:6 X0

350:6 X0
3 50:5

Solver
CPLEX for MILP,
DICOPT for MINLP 76 s CPLEX, 17 s CPLEX, 19 s CPLEX, 18 s CPLEX, 18 s

Product 1 amount (L) 38.71 37.15 37.77 38.31 37.45
Product 2 amount (L) 58.5 55.82 50.14 57.38 47.61
Revenue ($) 252.06 241.55 239.02 248.93 234.84
Raw A amount (L) 86.67 89.07 82.4 83.1 96.1
Raw B amount (L) 65.0 75.3 78.63 62.07 72.36
Raw C amount (L) 84.5 80.23 61.12 85.13 91.79
Raw cost ($) 47.23 48.92 44.43 46.04 52.05
Utility amount (L) 445.47 484.0 413.8 459 349.6
Utility cost ($) 22.27 24.2 20.69 22.95 17.48
Profit ($) 182.55 168.43 173.87 179.96 165.31
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Notation

Indices

i = tasks
j = units
s = states
n = event points
k = sample steps

Sets

I = tasks
Ij = tasks which can be performed in unit j
IS = tasks which process state s
Ji = units which are suitable to perform task i
IR = set of reaction tasks
N = event points within the time horizon
S = states

Parameters

Vmin
ij = minimum amount of material required to process task i in

unit j
Vmax

ij = capacity of unit j when processing task i
ST ðsÞmax

= storage capacity for state s
aij = coefficient of constant part of processing time of task i in

unit j
bij = coefficient of variable part of processing time of task i in

unit j
H = time horizon

Cp;Cr;Cu = price of product, raw material, and utility
M = big positive number
Nk = number of discretization point

Decision variables

wði; nÞ = binary variable assign task i at event point n
yði; nÞ = binary variable assign unit j at event point n

Vði; j; nÞ = amount of material undertaking task i in unit j at event
point n

dðs; nÞ = amount of state s sold at event point n
ST ðs; nÞ = amount of state s at event point n
Tsði; j; nÞ = starting time of task i in unit j at event point n
Tfði; j; nÞ = ending time of task i in unit j at event point n

Trvði; j; nÞ = processing time of task i in unit j at event point n
X = conversion
h = step size
x = state variables such as concentration
u = scaled temperature corresponding to utility consumption

A, B, C = coefficients in PWA model
V, W = coefficients of the inequalities corresponding to the PWA
F, G = coefficients in the explicit solution
H, K = coefficients of the inequalities describing the critical regions

CR = critical region
y1 = binary variables selecting the critical regions
y2 = binary variables selecting the valid regions of PWA

K1, K2 = intermediate variables in implicit RK method
X = domain of variables
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